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The existence of topological invariants analogous to Chern/Pontryagin classes for a standard 
SO(D) or SU(N) connection, but constructed out of the torsion tensor, is discussed. These invari- 
ants exhibit many of the features of the Chern/Pontryagin invariants: they can be expressed as inte- 
grals over the manifold of local densities and take integer values on compact spaces without bound- 
ary; their spectrum is determined by the homotopy groups ttd-i(SO(D)) and ttd-\{SO{D + 1)). 

These invariants are not solely determined by the connection bundle but depend also on the bundle 
of local orthonormal frames on the tangent space of the manifold. It is shown that in spacetimes 
with nonvanishing torsion there can occur topologically stable configurations associated with the 
frame bundle which are independent of the curvature. 

Explicit examples of topologically stable configurations carrying nonvanishing instanton number 
in four and eight dimensions are given, and they can be conjectured to exist in dimension 4k. It is 
also shown that the chiral anomaly in a spacetime with torsion receives a contribution proportional 
to this instanton number and hence, chiral theories in 4fc-dimensional spacetimes with torsion are 
potentially anomalous. 



I. INTRODUCTION 
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Despite many years of research and a host of scattered and suggestive results, torsion has remained a curiosity 
• in differential geometry which seems to have no consequences for the real world. General Relativity is perfectly 
consistent and enormously successful inspite of the seemingly unnecessary restriction, from the theoretical point of 
view, of assuming that our spacetime has vanishing torsion. In fact there are very few effects that could in principle 
be observed in a spacetime with torsion (Einstein-Cartan gravity). Classical particles of different spins would follow 
— , , different geodesies, but it does not seem to be an easy task to measure that effect experimentally. 

A generic Riemannian manifold is endowed with two fundamental and independent entities: a metric and an 
affine structure. In the traditional approach to gravitation theory, these two notions are linked by postulating the 
affine connection to be given by the Christoffel symbol and is therefore a function of the metric. In this way, all 
local geometric features of the manifold are reflected in the Riemann curvature tensor of the manifold. If the affine 
connection is not assumed to be a function of the metric, then the local geometry is endowed with two independent 
. £h ' tensors, curvature and torsion. 

It was Elie Cartan who first pointed out the arbitrariness of assuming an affine connection given purely as a function 
of the metric in the context of Einstein's General Relativity. It was Einstein's point of view -as well as that of most 
early researchers in the field- that torsion would be an unnecessary addition which wasn't required for the most 
economical and successful theory of spacetime: General Relativity was complicated enough as it was to entertain such 
extravagances. Cartan, on the other hand, refused to accept that one should limit one's scope to the poor astronomical 
data available in the 1920's, especially if one accepts with him that the two notions are logically independent and 
therefore Einstein's proposal was a particular case. 

The dialogue between these two stubborn masters is beautifully contained in the letters they exchanged between 
1929 and 1932 0. Needless to say, it was Einstein's view that prevailed. Thus, in most common texts on gravitation 
today torsion is set to zero from the start, as there seems to be no compelling experimental reason to relax this 
condition. 

In recent years, however, a more abstract geometrical approach has been prompted by two incumbent issues: the 
failure to produce a consistent quantum theory of gravitation starting from Einstein's General Relativity, and the 
tremendous advances and expectations brought about by string theory and its offsprings: membranes. The questions 
facing us are not expected to relate directly to observation. On the contrary, the point is to produce an internally 
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coherent picture. It is perhaps in this atmosphere ushered by string theorists at the end of this millenium, that exotic 
ideas such as those of E. Cartan don't seem strange anymore. 

The present article is an expanded -and hopefully, improved- version of our recent article [0 . Here more emphasis 
is given to the calculation of the higher-dmcnsional torsional invariants and the chiral anomaly, which are superficially 
discussed in that reference. 



II. EINSTEIN-CARTAN SPACES 



Consider a manifold whose metric and affine properties are independently described by two dynamically independent 
fields: the spin connection, w a t, and the local frames (vielbein), e°, respectively ||. As we mentioned above, in the 
tradition of General Relativity these two fields are assumed to be linked by the torsion- free condition T a — 0, where 

T a = de a +uj a b ,e b , (1) 

is the torsion two- form related to the torsion tensor by T* = e^T^. The expression (|j]) is similar to that of the 
curvature 2-form, 

R a b = du; a b +u; a c ,u; c b . (2) 

From these definitions, curvature seems to be more fundamental as it depends on the existence of the connection 
field alone, whereas torsion depends on both the connection and the vielbein. On the other hand, since on any smooth 
metric manifold a local frame (vielbein) is always defined, torsion can exist even if the connection vanishes. This 
implies that in a geometric theory of spacetime the local frame structure is as basic a notion as the connection and, 
therefore, torsion and curvature should be treated on a similar footing. 

One can look at curvature and torsion from the point of view of the group of local parallel translations on the 
manifold. The generator for parallel transport is, by definition, the covariant derivative V M and both torsion and 
curvature appear in the commutator algebra of these generators in a coordinate basis [Q , 

[V p ,V i/ ]=-T^ / Va + »^. (3) 

where Sft stands for the curvature tensor in the same representation as V M . Here curvature and torsion play quite 
different roles: T is the structure function for the group of parallel translations, while 5ft is a "central charge" in 
the Lie algebra. From this expression it is clear that one can consider equally well two extreme cases: spaces 
with curvature and no torsion (standard Einstein gravity), and spaces with zero curvature and nonvanishing torsion 
( "teleparallelizable" geometries) M. Both possibilities are just special cases of the generic situation. 



III. TOPOLOGICAL INVARIANTS: CHERN AND EULER CLASSES 



Curvature plays an important role in the characterization of the global topology of a manifold. The integral of the 
second Chern class -also known as the Pontryagin number- and the Euler number, defined by 



P 4 = A / Rab - R ab, (4) 
™ ./M 4 



and 



^4 — n/ . ■., / £abdcR ab *R C<1 , (5) 

2(4tt) j J Mi 



I Ma 

are well known examples of topological invariants in four dimensions. 

The remarkable feature of these expressions is that, although they are defined purely in terms of local functions, 
they only take integer values. Now, P4 and E4, are continuous functionals of the curvature and therefore they do not 
change under continuous deformations of the geometry of M. Thus, these characteristic classes label topologically 
distinct four-geometries. The proof of invariance of expressions like P4 and E 4 can be found, for example, in 

The Pontryagin number, P4 -or the second Chern class, C%— , counts the difference between the number of selfdual 
and anti-selfdual harmonic conections on M. The Euler characteristic, in turn, equals the alternating sum (3q — (3\ + 
@2 — As, where the Betti number (3 P stands for the number of harmonic p- forms on M. 
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The n-th integral Chern class, C n , can be denned for any compact gauge group G and is a topological invariant in 
a compact 2n-dimensional compact manifold given by 



2 

where the 2n-form 



Cn[G] = J/ Cn(A), ((>) 

M 2 „ 



is the n-th Chern class for the group G. Here F = dA + A^A is the curvature 2-form for the group G whose generators 
are normalized as Tr(G a Gb) = S a b, and the wedge product is understood (see M). These elementary 2n-forms are the 
building blocks of the Pontryagin classes, which are costructed by taking linear combinations of all possible products 
of the form c ni c„ 2 • • •, with 2(ni + n 2 + ■■■) = D. 

The curvature 2-form for the manifold (R ab ) is a second rank antisymmetric tensor in the SO{D) indices and 
therefore the Chern classes for the group of rotations on the tangent space, must contain an even number of curvatures 
(n = 2k) and therefore the Chern and Pontryagin classes of the manifold are only defined in dimensions D = Ak. 

The Euler form, on the other hand, exists in any even dimension D = 2n, 

Ein = s , [ e ai ... a2 „i? aia2 A • • • i? a2 "- ia2 ", (8) 
(47r)"n! J M 

but it cannot be defined for a generic gauge group. 

How does one know that the Chern and Euler numbers are topological invariants? The proof goes as follows (see, 
e -g-j su PP ose K is the integral of a D- form k(uj), which is a local function of the connection an its derivatives. 

Then, if for the deformation u> — > u>', A = fc(cj') — k(uj) is the exterior derivative of a globally defined (D — l)-form, 
then the integral K — J k changes by a surface term under the deformation. Now, if the manifold has no boundary 
(or the deformation is the identity at the boundary), K would remain unchanged. A physicist's proof would consist 
in showing that the first order variation of K under infinitcssimal 5ui% vanishes for a manifold without boundary (or 
with fixed boundary conditions for u>). Since we are only interested in continuous deformations which can be attained 
by repeated infmitessimal ones, this proof should be sufficient. 

An alternative proof consists in showing that the D-form k{u>) is itself the exterior derivative of something else (the 
Chern-Simons (D — l)-form), k = dC. Since the functonal variation and the derivative commute, 5k = dSC, and the 
rest of the proof is as before. 

IV. TORSIONAL TOPOLOGICAL INVARIANTS: THE NIEH-YAN CLASS 

Invariants analogous to the Chern classes, but constructed using the torsion tensor are less known. The simplest 
example of a topological invariant of this sort is provided by the Nieh-Yan four- form (N-Y) || , 

Ni = [ m, (9) 

JM 

where 

ni = T%T a - R ab ,e a „e b . (10) 

This last expression is the only nontrivial locally exact 4-form which vanishes if T a — regardless of the curvature, 
which implies that ri\ must be independent of the Chern and Euler classes. In any local patch where the viclbcin is 
well defined, ri\ can be written as 

ni = d(eVT ), (11) 

and is therefore (locally) exact. 

The topological invariants discussed in the previous section are functionals of the connection and completely inde- 
pendent from the local frame field. In contrast, it is clear from ( |ll[ ) that the N-Y form is a function of the local frame 
field. 
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The invariance of Ni = J M n\ under continuous deformations of M can also be explicitly proven. If n\ and n' x are 
the N-Y densities for (ui, e), and (a/, e'), where ui' = oj + A, e' = e + (, then direct computation shows A = n[ — n\ is 
locally exact (a total derivative). Furthermore, if the deformation between (u>, e) and (u>',e') is globally continuous, 
A is globally exact. Therefore, TV is a topological invariant in the same sense as the integral Chern and Eulcr 
characteristics. Similar invariants can be defined in higher dimensions as will be discussed below. 

The 3- form e%T a is an object that occurs in several seemingly unrelated instances. This Chern-Simons like 
three form contain first derivatives of the local frames and is therefore a good Lagrangian for the dreibein in three 
dimensions. In fact, when added to the standard Chern-Simons Lagrangian, Lcs = u^cLo + (2/3)uj/\UJalu 1 it gives 
rise to the "exotic" Lagrangian for gravity, which has the same equations of motion as the Einstein-Hilbert form, 
Leh = e abc (R a Ke c - (l/3)e%e h Ae c ). 

The dual of this 3-form in four dimensions is the totally antisymmetric part of the torsion tensor, 

e a ,T a *dx a = e^T^xc^x. (12) 

This component of the torsion tensor, sometimes also referred to as H- Torsion, is the one that couples to the spin 1/2 
fields ||. If the connection is separated into a purely metric part and a torsional part, ( |l2|) is the only conbination 
that occurs in the Dirac equation. 

Expression ([l2|) is one of the irreducible pieces of the first Bianchi identity. In a metric-affine space, the Bianchi 
identity DR^ = can be decomposed according to 16 = 3x3 + 3 + 3 + 1. And the '1' is the statement that the 



Nieh-Yan density is closed, according to (11) pX| ]. 

The Nieh-Yan four-form rt\ can also be added as a surface term to the gravitational action in 4 dimensions. This 
obviously doesn't change the physical contents of the theory and merely produces a canonical transformation. It is this 
transformation that allows passing from the standard canonical variables of the ADM formalism to the representation 
in terms of the so-called Ashtekar variables (ll]|l^] ■ 



V. RELATION BETWEEN THE NIEH-YAN AND CHERN CLASSES 

It seems natural to investigate to what extent the Nieh-Yan invariant (|9|) is analogous to the Pontryagin and Euler 
invariants. In particular, it would be intersting to know whether the integral class N over a compact manifold has 
a discrete spectrum as in the case the of other characteristic classes. It turns out that there is a natural embedding 
of the group of rotations in the tangent space, 50(4), into 50(5) that provides a connection between the Chern and 
the Nieh-Yan classes. This embedding can also be constructed in D-dimensions. 

Consider a connection for 5*0(5), W AB , whose components combine the spin connection and the vierbein for 5*0(4) 
in the form O-ILl 



W 



AB 



-±e b 



(13) 



where a,b = 1, 2, • • • 4 A, B = 1, 2, • • • 5. Note that the constant / with dimensions of length has been introduced 
in order to match the standard units of the connection (inverse length) and those of the vierbein (dimensionless). 
This is the usual embedding of the Lorentz group into the (anti-) de Sitter group for a spacetime with nonvanishing 
cosmological constant. Then I is the radius of the universe and |A| = l~ 2 is the cosmological constant. 

The inclusion of the parameter I can be viewed as the introduction of a new length scale in the theory. An alternative 
-and more accurate- point of view is that I is brought in in order to cancel from e the length scale present in the 
spacetime manifold so that the enlarged connection W is insensitive to the changes of scale in the manifold. This 
means that if one is interested in constructing the curvature form (field strength) and Lagrangians for the enlarged 
connection, the physically meaningful field in such a theory is not e but e = e/l. 

The curvature 2-form constructed from W AB is 



F AB = dW AB + W AC ,sW CB 





ryab 1 „a J) 1 rpa 

H — 72-e Ae j J 



Irpb 
I 1 



(14) 



It is direct to check that the second Chern class for 50(5) is the sum of the Chern class for 50(4) and the Nieh-Yan 
form m, 



F AB <\Fab — R ab ^R a b + p[T a AT Q — R ab Ae a Aeft]. 



(15) 
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This shows, in particular, that 



1 JVi = C 2 [SO(5)} - C 2 [SO(i)}. (16) 



2ttZ 2 



Hence, it is clear that N\ is indeed a topological invariant as it is the difference of two integral Chern classes. 

As is well known, the n-th Chern class takes on integer values (the instanton number) of the corresponding homop- 
topy group, 7r 2 „_i(G) (see, e.g., [Q). In the case at hand, tt 3 (SO(5)) = Z and 7r 3 (S0(4)) = Z + Z. Hence, from jlq ) 
one can directly read off the spectrum of Ni : The integral of the Nieh-Yan form over a compact manifold M must be 
a sum of three integers. Combining ([U?]) and (^6|), one finds 



1 



(2ttZ) 



ni = (zi + z 2 + z 3 ), z l e Z. (17) 

M 



VI. TORSIONAL INSTANTON 
A. The IR 4 -Instanton 

We now show how a geometry with nonvanishing N\ can be easily constructed using the fact that the N-Y form 
may be nonzero even if the curvature vanishes. The simplest case occurs in 1R 4 , where the connection uj ah can be 
chosen to vanish identically everywhere. 

Consider now a vierbein field that approaches a regular configuration as r — > oo. The question is then how to cover 
the three-sphere at infinity (S^) with a set of 4 independent, everywhere regular one- forms e a . One possibility is to 
take one of the e' to point along the radial direction, while the other three lie tangent to the S 3 ^. But, is it possible 
to cover the sphere with three linearly independent, globally defined vector fields? The answer is yes. 

It is a classical result known as Adam's theorem which proves that S 1 , S 3, and S 7 are the only parallelizable 
spheres, i.e. those which possess a globally defined basis of continuous vector fields Defining the sphere through 
its embedding in Hi 4 , x 2 + y 2 + z 2 + u" 



e r /l = 


— (xdx + 


ydy + 


zdz + 


udu) = — 
r 


e x jl = 


-^{ydx - 


xdy — 


udz + 


zdu) 


e 2 /l = 


— (—zdx 


— udy 


+ xdz 


+ ydu) 


e 3 /l = 


— (udx — 


zdy + 


ydz - 


xdu). 



(18) 



These fields are well defined for r / and can be smoothly continued inside the sphere (e.g., rescaling them by a 
function that vanishes as r — > and approaches 1 for r — ► oo). In any case, it is clearly impossible to "comb" the 
without producing a singular point where e a vanishes at finite r. Integrating of e a /\T a over a sphere of radius r, one 
findsQ 

e a *de a = 3. (19) 



(2?rZ) 



Thus, using (pi]), one concludes that the above result is equal to the integral of the Nieh-Yan form over IR 4 . Since 
the integral of e%T a on any sphere gives the same value, one concludes that for the configuration (|l8|), 

m =3(2ttZ) 2 £ (4) (x). (20) 

The factor 3 reflects the fact that there are three independent fields summed in the integrand of (|n]) . Configurations 
with other instanton numbers can be easily generated by simply choosing different winding numbers for each of the 



1 Strictly speaking, it is not necessary to take the limit r —> oo. Expression (|l^) is finite and independent of the radius for any 
finite r. 
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three tangent vectors e\ In the example above each of these vectors makes a complete turn around the equatorial 
lines defined by the planes x = y = 0, x = z = 0, and x — u = 0, respectively. Thus, if the fields e 1 make z l turns 
around the equators, we recover the result (|l7|) in general. 

The instanton presented here is very different from the one discussed by D'Auria and Regge also in four dimensions 
. That solution is associated to a different singularity in the vierbein structure of the manifold. That solution also 
has nonvanishing torsion, but has zero N-Y number and nonzero Pontryagin and Euler numbers. 



B. The S 4 Instanton 



Consider now M — S 4 = {(xx, x 5 )/(xi) 2 + ■ ■ ■ + (x 5 ) 2 — I 2 } for which 

R ab = ^e%e h . (21) 

The Chern class R ab R a b vanishes identically because e%e a = 0, and therefore ca[5'0(5)] = (2/l 2 )n\. Thus, the 
integral N-Y class for different frame configurations on 5 4 are given by the values of the nontrivial 50(5) connections 
on 5 4 , 



R ab *e a .e b ) = C 2 [SO{5)}. (22) 



In order to evaluate C2 [5*0(5)] one can use the Wu-Yang construction In fact, it is clear that ( pl| ) cannot be 
a global expression for it is impossible to cover entirely 5 4 with a blobally defined (everywhere continuous, smooth) 
vierbein field e". Therefore, ( pilf ) is at best true only on local patches that cover the sphere. This is precisely the 
reason to use the Wu-Yang construction |lj| . 

Since trF 2 is closed, it can be expressed locally as the exterior derivative of a Chern-Simons three-form TV. One 
can cover S 4 with two patches S±, one on each hemisphere and extending slightly on the other hemisphere, so that 
the patches overlap on the equator (x 5 = 0). The 50(5) connection on each patch, W± are related by a gauge 
transformation in the overlapping belt around the equator, and therefore one finds 

F x2 



Tr — = / N++ A/1, (23) 
S 4 \2irJ J aS 4 J gS i 

where Af± are the Chern-Simons forms for W±, respectively. In the limit when the overlapping belt becomes in- 
finitessimally thin, the r.h.s. of (|2^) becomes an integral over 5 3 of the element of gauge transformation U that that 
connects W + and W- on the equator. Since U is a mapping from 5 3 onto the gauge group 50(5), this integral takes 
values that label the third homotopy class of U. Since 7r 3 [50(5)] = Z, one finds 

N 1 [S 4 ] = zeZ. (24) 

This result shows that on 5 4 there exist configurations of the vierbein field which have integer winding number, 
although we have not provided an explicit expression for it. These configurations are labeled by one integer, while in 
the previous example they were labeled by three. 



VII. GENERALIZED NIEH-YAN INVARIANTS 



The generalizations of the N-Y form n\ to higher dimensions is straightforward. The number of topological invariants 
that can be produced in higher dimensions grows wildly and their geometrical interpretation becomes cloudy, their 
physical consequences are less understood. Consider the elementary forms 

X k = e • R 2 ^ 1 ■ e (4fc) - form, 
Yfc = e • R 2k - 2 ■ T (4fc - 1) - form, (25) 
Z k =T ■ R 2k - 2 ■ T (4k) - form, (26) 

where the (■) indicates contracted indices. 

It is easy to sec that expressions of the form e • R 2k ■ e and T ■ R 2k+1 ■ T vanish identically, while Y\ = e • R 2l+1 ■ T is 
an exact (41 + 5)-form (= — (l/2)dXi = l(/2)dZi). It is also direct to show that X k and Z k differ by an exact form, 



G 



dYk = Zk — Xk ■ 



(27) 



In this notation, the Nieh-Yan four-form is n\ = dY\ = Z\ — X\, and relation (|2^ ) is the generalization of jlll). 
From ( |27| ) it is also clear that the exterior derivatives of Zk and are the same. 

An exact form of arbitrary degree can be expressed as a product of terms of the form 

d(X kl ■ --XkYi, ■ -Y u Z mi ■■■Z mt ), (28) 

and linear combinations thereof. Expression ( p8|) is an exact (4[fci + • • • + k r + l\ + ■ ■ ■ + l s + mi + • • • + m t ] — s + 1)- 
form which is not a product of exact forms of lower degree. Thus, exact forms like this, and their corresponding 
characteristic classes can be constructed possibly in any dimensions D > 6. For example, in dimensions 5, 7 and 8, 
one has 

d[e-R-e], D = b (29) 



d[(e-T) 2 }, D = 7 (30) 

d[(e- R-e)(e-T)], D = 8. (31) 

There are no torsional topological invariants in six dimensions. This is because there are no Lorentz scalar 5-forms 
that can be constructed with the torsion. 

It is hard to envissage a classification of all possible torsional invariants in all dimensions. It might even turn out 
that such a classification is of little or no use and that only a few among all possible invariants of this sort have some 
relevance in physics. As we shall argue below, however, there are some of these invariants that definitely appear in 
physical systems, for example as contributions to the chiral anomaly. 

Some of the generalized N-Y forms can be related to the higher order Chern classes. After D = 4, the next 
interesting example occurs in eight dimensions, where the relevant Chern class is c^G] = ^Tr (^) . Then, the 
embedding (|l^ ) yields, 

^ T K^) 4+ (^ (e ' R3 - e - T - R2 ' r)+ (3^F (r ' T - e ' R ' e) 

+ {e-R-e) 2 -(e-R-e)(T-T)} 
= c 4 [SO(8)] + 4n 2 + 2(m) 2 + 4d(Y 1 Y 1 ). 



-(^2(e-*-T)(e.T) 

(32) 



A. IR 8 -Instanton 

Another simple instanton solution exists in D = 8 and is analogous to the one in IR 4 . In eight dimensions there are 
four independent torsional invariants, 

T • R 2 • T - e • R 2 • e = n 2 (33) 

(T-T-e-R- e)Tr{R 2 ) = n lC2 (34) 

(T-T-e-R-e) 2 = (n x ) 2 (35) 

2(T • R ■ e)(T • e) + (T • T) 2 {e ■ R ■ e) = d{X x Yi). (36) 

Note that only the third of these invariants, does not vanish for R ab = 0. Again, one can use fact that the S 7 is 
parallelizablc in order to construct the corresponding instanton, essentially repeating the steps of the four-dimensional 
construction. 

Here there is also a relation between the Chern classes for SO(9), SO(8), and the invariants above. The relation is 
FV „ fR^ 



Tr — =Tr — + 2(T ■ T) — 2(e ■ R - e) + 8(T • R ■ e)(e • T) + 4(e ■ R ■ e — T ■ R ■ T), (37) 
2n ) V 2n , 
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or, 



Cd[SO(9)] = Ci[SO(8)] + An 2 + 2(m) 2 + dpf^]. (38) 

We note again that the only torsional invariant that survives in an eight-dimensional curvature- free space is (T-T) 2 — 
d[(e ■ T)(T ■ T)]. The integration over a seven sphere x\ + ■ ■ ■ + Xg = r 2 embedded on H 8 can be easily performed 
using a frame formed by one radial 1-form (e r ) and seven orthonormal fields (e l ), tangent to S 7 . 

In order to give an explicit representation of the tangent vectors, we note that each of the tangent vectors e % on S 3 
can be generated multiplying the "radial vector" x r = xo + a l X\ + <r 2 x 2 + cr 3 x 3 , by 01, a 2 and 03, correspondingly. 
In the case of S 7 , the e^s are generated using the canonical isomorphism between H 8 and the octonion algebra in 
the following manner: Consider the element x r of the octonion algebra with components x%, ■ ■ ■ ,Xg in the canonical 
basis, 



X T 



° +X 1 T 1 + ---X 7 T 7 , Xi S M 8 , (39) 



where r = 1, (r a ) 2 = —1, a = 1, ...7 and the products of two r's are antisymmetric and satisfy the cyclic symmetry 
of the Pauli matrices, 



_1 _2 3 14 5 16 7 

TT=T, T T — T , T T = T , 

^2 4 6 2 5 7 3 4 7 

T T = —T , TT=T, TT=T, 



rV=T b . (40) 

If one substitutes the basis elements r a by dx a+1 , one obtains a correspondence x r ^> e r . Multiplying x r by each 
of the seven r l 's, seven orthonormal fields e l tangent to the sphere are produced. The first one is 

e 1 = — x 2 dx\ + x\dx 2 — x^dx 3, + x%dx 4 — x$dx 5 + x§dx 6 — xgdx 7 + xidx s , (41) 

and the rest are left as an exercise for the reader. 

The integral of (T-T) 2 over M 8 for the instanton configuration is thus a combinatorial factor times the volume of 
the S 7 . The result is 



(2tt/) 



(e a ,de a ){de b Ade b ) = I 2 . (42) 

s 



Again, for different winding numbers (zi) of the seven e^s, one would obtain {z\ + • • • + zj) 2 

The idea of the 5' 4 -instanton can be repeated now to show the existence of a N-Y instanton on S 8 . Now the key is 
that tty[SO(9)] — Z (see, e.g., H|), which implies that the S 8 instantons are also labeled by one integer. 



VIII. CHIRAL ANOMALY 



It is well known that the existence of anomalies like, for instance, the breaking of chiral symmetry by quantum 
effects, is related to the topological properties the background where the system is immersed. In particular, for 
a masless spin one-half field in an external (not necessarily quantized) gauge connection A, the anomaly for the 
conservation law of the chiral current is proportional to the second Chern class for the gauge group, 

d » ( J 5 > = ^2 TrF ^ K ( 43 ) 

The question then naturally arises as to whether the torsional invariants discussed above can produce similar 
physically observable effects |Q. 

Kimura |2l|, Delbourgo and Salam [^2), and Eguchi, Freund [^3| and Alvarez-Gaume and Ginsparg evaluated 
the quantum violation of the chiral current conservation in a four dimensional Ricmannian background without torsion, 
finding it proportional to the Pontryagin density of the manifold, 

d»(4 l ) = 7^R ab *R ab . (44) 

This result was also supported by the computation of Alvarez-Gaume and Witten [^5| , of all possible gravitational 
anomalies and the Atiyah-Singer index for the Dirac operator in a curved background, and the complete study of 
consistent nonabelian anomalies on arbitrary manifolds by Bonora, Pasti and Tonin p6| . 



8 



It has been sometimes argued that the presence of torsion should not affect the chiral anomaly (see, e.g., [ |24| , |26| -[29|] ) . 
In fact, it is clear from Eqs.((|^) that the Chern class is insensitive to the presence of torsion. This does not prove 
however, that when the space has torsion the anomaly is given by the Chern class only. 

An equivalent approach to calculate the anomaly is using the Atiyah-Singer index theorem. Then the anomaly is 
seen as the difference between the left- and right-handed zero modes of the Dirac operator. It is fairly clear that 
this number should not jump under a continuous deformation of the geometry. Therefore the index could not change 
under adiabatic inclusion of torsion in the connection. However, nothing can be said a priori about the changes of 
the index under discontinuous modifications in the field of local frames, as it might happen if a torsionless, spacetime 
is replaced by one containing a topologically nontrivial configuration of the type shown in the previous section. 

The integral of an anomaly must be a topological invariant ]3(| and therefore the assertion that torsion cannot 
affect the anomaly would be true if there were no topological invariants that could be constructed out of the torsion 
tensor independently of those that exist for the curvature. 

Direct computations of the chiral anomaly in spaces with torsion were first done by Obukhov Q, and later by 
Yajima and collaborators |^,[nj. These authors find a number of torsion-dependent contributions to the anomaly, 
some of which are not densities of topological invariants. In a related work, Mavromatos J2{| calculates the Atiyah- 
Singer index of the Dirac operator in the presence of "curl-free H-torsion" , which in our language translates as the 
condition die • T) = 0. He finds a contribution which, by virtue of this assumption, drops out. 

In all the cases reported in Refs. |^,^||3l| -and in j29] if one doesn't assume d(e ■ T) = 0-, the N-Y term appears 
among many other. Many of these torsional pieces, including the N-Y term, are divergent when the regulator is 
removed, which was interpreted as an indication that these terms were regulator artifacts and should therefore be 
ignored. 

The calculation using the method of Fujikawa |3^,|33| is straightforward and we include it here in order to clarify some 
subtle points which were not thoroughly discussed in B. Consider a massless Dirac spinor on a curved background 
with torsion. The action is 

S=^J d A xei)f^ + h.c, (45) 

where the Dirac operator is 

iJ7 = ie.YV P (46) 

Here e a ^ is the inverse of the tetrad e a IJi , 7" are the Dirac gamma matrices and in what follows V M will denote the 
covariant derivative for the 5'0(4)-connection in the appropriate representation. 
This action is invariant under rigid chiral transformations 

jj, — > e i£75 V, (47) 

where e is a real constant parameter. This symmetry leads to the classical conservation law 

« = (48) 

where J§ = eeg^ipj^Qip. 

The chiral anomaly is given by 

d ll {J£)=A{x), (49) 

where 

A(x) = 2 eWh*. = 2J M75]- (50) 

n 

In order to make sense of this formal expression, A is tentatively regularized as 

A{x) = 2 lim lim Tr k s exp(/3^ 2 )l Six, y). (51) 

This is the standard expression for the anomaly used when the torsion vanishes and we provisionally adopt it here 
for pedagogical reasons. 

The first thing we observe is that the regulator j3 need not be taken to zero in order to regulate the trace ( |50| ) . The 
reason is that for each nonzero eigenvalue of y 2 , there are two states of opposite chirality and therefore they cancel 
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pairwise in the trace. The only only remaining contribution t o (plj ) comes from the zero modes and on those states 
the exponential of J7 2 is just the identity. Thus the anomaly ([5lD equals the number of right-handed (v+) minus the 
number of left-handed (v—) zero modes, or 

A(x) = v+-v-, (52) 



which is an alternative representation for the anomaly as the index of the Dirac operator [[7|j30[| . 
The square of the Dirac operator is given by 

W 2 = VV„ - &y b e x c J ah T^V x + l -e»eU ah J cd Rc d ^, (53) 

where J a b = j[ja,Jb] is the generator of 50(4) in the spinorial representation. 
The Dirac delta on a curved background can be represented as 

S(x,y) = JjgLj"^, (54) 

where y) is the geodesic biscalar |Q connecting the points x and y. The integral over the "wave vector" fc M 
requires some careful handling. The pacetime manifold over which ( |5l| ) is evaluated will be taken to be a compact 
Euclidean space (e.g., 5 4 ) with a typical length scale I -"the radius of the universe". (This is ensures that the tangent 
space symmetry 50(4) can be embedded into 50(5)). Thus, k must be quantized in multiples of the inverse radius, 
W ~ 27m M /^, with € Z. Now, since I is supposed to be very large, the wave vectors W can be approximated by a 
continuous variable. This means that the integrations over k yield inverse powers of I, which we normalize as 

d 4 fc , , 



(2tt 



|4 



r\ A k 

ww = r v 



(2tt 



etc. (55) 



Applying the operator exp(/?y ) on (54), taking the limit y^x, and tracing over spinor indices, one finds 

Ap = ^[-2([i/l 2 )l- 2 e ■ R ■ e+ {(3 /l 2 ) 2 R a \R ab + 2(f3/l 2 ) 2 r 2 T ■ T] + 0[(p/iy 2 )]. (56) 

In the standard calculations (e.g., in [f26|-^9f ) , the length scales I ~ /3 1 / 2 are identified with M -1 . This means 
that only the second term in ( pq ) would be finite, while the first and the third diverge like M 2 and the terms 
0[{P/lY 2 )] - M~ 2 are neglected. 

In our case, we see that if one identifies f3 with I 2 then the expression for the anomaly is finite to all orders and the 
first three terms in (Bq) are 
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R ab /\R a b + -p{T a AT a — R ab Ae a Ae b 



(57) 



which is the Chern class for 50(5) (|15|). 

It is interesting to observe that if the identification / = /3 1 / 2 = M^ 1 is performed in the results of refs. all 
but one of the torsional contributions to the anomaly vanish in the limit when the regulator is removed and the only 
remaining term would have been N. 

There is a puzzling point about this result. We started out with an 50(4)-invariant regulated expression Tr[7sexp(/3 / 
V 2 )], and ended up with the Chern class for 50(5). How was the extra symmetry smuggled into the anomaly? One 
way to understand this is by observing that if (3 = I 2 the expression in the regulator is the square of the "dimensionless 
Dirac operator", JJ = l^e^V^. This operator is constructed using the spin connection uj ah and the rescaled vierbein 
e a = l~ 1 e a , which are the components of the 50(5) connection [c.f., (|l3|)]. 

The suspicion might arise then as to whether the first few terms of the series shown in the result (57) are all that is 
produced. This is a theorem one could try to prove by explicit computation, but that is not really necessary. We know 
the result must be an exact four form constructed from the only ingredients we have at our disposal: the invariant 
tensors of 50(4) (<5 ab , € abcd ), the curvature and torsion two-forms, and the dimensionless vierbein e = e/l. It was 
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shown in ]T^ | that the only invariants of this type which do not use inverse vielbeins in four dimensions are the Euler 
form, the second Chern class and the Nieh-Yan form. The inverse vierbein actually enters in the definition of the 
Dirac operator and therefore one could not rule out the occurence of other closed four form constructed with it, 
like 

/*/, (58) 

where the 2-form / = dA is an abelian curvature constructed with the torsion tensor and the inverse vierbein, 

A = (59) 

The reader can check that ( |58| ) has the correct dimensions and could therefore also contribute to the anomaly. The 
possibility of encountering other terms constructed with A in four dimensions is ruled out by the fact that no other 
closed 4-forms are known in the presence of an electromagnetic field. 



A contribution of the form (58) to the anomaly can be traced back to the Dirac operator as well. Instead of the 



"minimal" Dirac operator mm one could have used its sel-adjoint extension, which turns out to be 



+ (60) 



Then, there is certainly a contribution of the form (|58j)to the anomaly arising from the "electromagnetic potential" 
A. Clearly, this anomaly can be cancelled if the fermion field is coupled to an external true electromagnetic field. 



IX. DISCUSION 
A. Higher dimensions 

As we already mentioned, there exist a large collection of topological invariants in higher-dimensional spacetimes 
with torsion. Obvious families of these invariants for dimensions D — 4fc, are: 

(ni)\ (61) 

n k = d[T ■ R 2k - 2 ■ e], (62) 

and, in general 

n kl n k2 ■ ■ -n kp , (63) 

where ki + &2 + • • • k p = k = D/4. There are other invariants which do not fall into these classes, as for example 
expressions of the form ( p8| ) . The number of independent torsional invariants for a given dimension follows no simple 
pattern with D, but it can be easily seen is that they occur for almost all dimensions beyond 4. An exceptional case 
is D — 6, where no torsional invariants can be defined. 

Does this mean that one should expect to find instantons and anomalies in most dimensions? The answer is not 
known, but one can conjecture that these invariants only contribute to anomalies in dimensions D = 4k. The reason 
is that, by a general argument (see, e.g., 0), the anomaly is always given by the (D/2)-th Chern class of the gauge 
group. In our case the relevant gauge groups are SO(D + l) and SO(D). The corresponding Chern classes are nonzero 
if D/2 is even, (i.e., D = 4k). 

In analogy with the cases D = 4, 8, one could expect to find torsional contributions to the anomaly, provided both 
TTr>-t[SO(D + 1)] and ttd-i[SO(D)] are nonzero and not equal to each other. This happens for D = 4, 8, 12, 16, and 
seems to be a general feature of D = 4k [M. In all these cases the S D instantons could exist and they would be 
labeled by a single integer. 

Note that the trick for constructing the H 4 and 1R 8 instantons cannot be repeated in other dimensions because 
S 1 , S 3 and S 7 are the only spheres which admit a globally defined basis of tangent vector fields [pi. In general, the 



maximum number of independent global vectors that can be defined on S n 1 is given by Radon's formula 35 

Pn = 2 c + 8d-l, (64) 

where n is written as n — [odd integer x 2 c 16 d ], with c and d positive integers, and c < 3 . From this formula, it is 
clear that for all odd-dimensional spheres p n > 1, while for even-dimensional spheres (odd n), p n — 0. On the other 
hand, for n — 1 = odd, there is always at least one global vector field on S n ~ 1 . The connection between the number 
of independent vectors on S" 1-1 and the instanton spectrum will be discussed elsewhere. 
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B. Anomaly 



In the previous section we argued that the anomaly could be made finite if the regulator is chosen as (3 — I 2 . Under 
this choice, two things happen: 

i) The relevant Dirac operator that entered in the regulator could be written as e^7°V M , where e° = ' _1 e^, which 
is the way the vielbein enters in the embedding (u, e) — > W AB . In agreement with this, the anomaly is the second 
the Chern class for SO(5), instead of being the second Chern class for 5*0(4) (as in the torsion-free case). 

ii) In terms of the "physical" fields u> and e, the regulator f3 — I 2 drops out from the trace before the limit (3 — > is 
performed. In other words, the result should be correct to all orders in powers of (3. This is because the limit /3 — ► 
in ( pl| ) is actually unnecessary: as we mentioned above, the trace erases all /3-dependence. Thus, the expression on 
the right hand side of ( |5^ ) should be independent of j3 before the limit is performed. 

It should be stressed that the choice j3 = I is the only one needed to yield a /3-independent result, and there seems 
to be no other similarly simple adjustment that would do the trick. For example, if one had chosen /?' = al, the result 
would not be an exact form because this would change the relative factor between the two terms in the NY form. 

C. Index 

The alternative form of the anomaly given in ( p2| ) is known as the Atiyah-Singer index for the Dirac operator. It 
is well known that in the absence of torsion the index is given by the integral of the second Chern class (Pontryagin 
number). Obviously, as C l 2(5'0(4)) is independent of the vierbein, its invariance under continuous deformations of the 
geometry also allows for continuous deformations of the local frames and, in particular, for the addition of torsion. 
As is shown here, the presence of torsion could affect the index of the Dirac operator through the addition of the N-Y 
invariants because the relevant Chern class would be (72(50(5)). 

In |p9| it is shown that there is a torsional contribution to the index although it is set equal to zero by the aditional 
requirement of curl-free H-torsion, and our result (|57|) does not contradict that conclusion: curl-free H-torsion is 
identical to the demand that n\ = 0. 

X. CONCLUDING REMARKS 

What have we learned from this exercise? Apparently three things: 

A. That a D-dimensional Riemannian space can be conceived as one in which the usual SO(D) connection and the 
(appropriately normalized) vielbein arc viewed as parts of an SO(D + 1) connection. The torsion in this space is just 
a piece of the curvature two- form for the SO(D + 1) connection. 

B. That certain closed D- forms constructed out of the torsion two- form are topological invariants. With the 
construction A in mind, these invariants can be related to the Chern classess of SO(D) and SO(D + 1). 

C. That these invariants may contribute to the chiral anomaly and hence, the quantum theory can in principle 
"detect" the presence of torsion in space. 

The point of view presented here might become important, for instance, when dimensionally reducing a geometrical 
theory. Some of the components of the curvature tensor in the original spacetime could be interpreted as torsion in 
the reduced space [p9| . 

In the end, torsion may continue to be an obscure object of research whose physical implications are hard to grasp. 
We hope, however, we have offered a new angle which could help in dispelling the mystery surrounding it. 
Note Added 

In the past few months, two articles have appeared where the anomaly for a space with torsion is evaluated. In the 
first, by Obukhov, Mielke, Buczies and Hehl |37|| , the anomaly is computed using the heat kernel rcgularization and 
our result ([36]) is reproduced. In the same article, a slight modification of our instanton solution in 1R 4 and IR 8 is 
presented. Susequently, another article by Mielke and Kreiner p8| has appeared, where it is claimed that there can be 
no torsional contributions to the anomaly, contradicting the previous result by one of those same authors. Also, there 
are two recent articles where the chiral anomaly in the presence of torsion is considered. In Bellisai, in p9| , discusses 
the anomaly in the context of string-induced field theory, and in |l0| , Soo and Chang examine the possibility of CPT 
violation arising from torsion in spacetime. 
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